Let p be an odd prime number, K n = Q(ζ p n+1 ) the p n+1 st cyclotomic field and h − n the relative class number of K n . Fixing a negative
Introduction
We fix an odd prime number p, and let K n = Q(ζ p n+1 ) (n ≥ 0) denote the p n+1 st cyclotomic field, where for an integer m ≥ 2, ζ m is a primitive mth root of unity. We put K ∞ = ∪ n K n . We also fix an integer d ∈ Z with √ d ̸ ∈ K 0 . We denote by L n = L d,n the imaginary quadratic subextension of the imaginary (2, 2)-extension
where N + is the maximal real subfield of an imaginary abelian field N . Then L ∞ = L d,∞ = ∪ n L n is the cyclotomic Z p -extension of L 0 . Here, for a prime number ℓ, Z ℓ denotes the ring of ℓ-adic integers. In [7] , we called L n and the Z p -extension L ∞ /L 0 the quadratic twists of K n and K ∞ /K 0 with respect to the integer d, respectively. Let S d be the set of prime numbers ℓ ̸ = p ramified at the quadratic extension Q( √ d)/Q, which is nonempty as √ d ̸ ∈ K 0 . We put
Here, ord p ( * ) denotes the additive valuation at p normalized with ord p (p) = 1. Let h − n and h * n be the relative class numbers of K n and L n , respectively. The ratios h − n /h − n−1 and h * n /h * n−1 are odd for sufficiently large n by a well known theorem of Washington [13] on the non-p-part of the class number in a cyclotomic Z p -extension. In [7] , we obtained the following result on the parity of these ratios. For a number field N , we denote by λ N the Iwasawa lambda invariant of the ideal class group of the cyclotomic Z 2 -extension N (2) /N . When N is an imaginary abelian field, we put λ
Theorem 1 Under the above setting, assume that the ratio h
The invariants λ − n and λ * n are stable for sufficiently large n by a theorem of Friedman [2] which was obtained by sharpening the arguments in [13] . In this paper, using Theorem 1, we give the following explicit version of Friedman's theorem. We put
Theorem 2 Under the above setting, assume that the ratio h
In the previous paper [8] , we have shown that the assumption is satisfied for p ≤ 509. We extend it as follows.
Theorem 3 When p ≤ 599, the ratio h
From Theorems 2 and 3, we immediately obtain the following quite explicit version of Friedman's theorem. [5] .
(II) Another type of explicit version of Friedman's theorem is given in [6] .
, and λ n be the Iwasawa lambda invariant of the cyclotomic Z 3 -extension over F n . In [9] , using results in [6] , we calculated λ n for all p ≤ 599 and all n.
(III) Let p = 3. Let L be an imaginary abelian field, and L n the nth layer of the cyclotomic Z 3 -extension over L. In this special setting, Friedman and Sands [3] obtained an explicit version of Friedman's theorem for the minus part of the ℓ-adic lambda invariant of L n . Here, ℓ is a prime number with ℓ ≥ 5.
Proof of Theorem 2
For an integer j ≥ 0, let K n,j (resp. L n,j ) be the jth layer of the cyclotomic
n /L n ). To deal with the invariants λ 
Proposition 1 Let n be an integer with
It is well known that the unit index of K n equals 1 (see [14, Corollary 4.13] ). Further, it is known that the unit indexes of L n,j and L n−1,j coincide (see [7, Lemma 4] ). Let p * = p (resp. 1) when the base field equals K n (resp. L n ). Then it follows from the class number formula [14, Theorem 4.17 
where η runs over the odd Dirichlet characters associated to K 0 or L 0 , and ψ (resp. θ) runs over the even Dirichlet characters of conductor p n+1 and order p n (resp. conductor dividing 2 j+2 ). We regard these characters asQ 2 -valued whereQ 2 is an algebraic closure of the 2-adic rationals Q 2 . Further, for an odd Dirichlet character χ with conductor f = f χ , B 1,χ denotes the generalized Bernoulli number:
To prove Proposition 1, let us recall some properties of 2-adic L-functions. Denote by ω 4 the odd character of conductor 4. Let χ be an odd Dirichlet character of the 1st kind at the prime 2 with χ ̸ = ω 4 , and O χ = Z 2 [χ] the subring ofQ 2 generated over Z 2 by the values of χ. Let c be the odd part of the conductor of the even nontrivial character ω 4 χ. Iwasawa constructed a power series
(Under the notation of [14, §7.2], H χ is written as f (T, ω 4 χ).)
Further, for an even character θ of 2-power conductor, the power series H χ (T ) enjoys the following property:
for s ∈ Z 2 , where ζ θ is a 2-power-th root of unity associated to θ. For (2) and (3), see [14, Theorem 7.10] . Further, as is well known,
holds (see [14, Theorem 5.11] ).
Proof of Proposition 1. Let ν 8 be the unique even character of conductor 8. We putη = ην −1 8 or η according as the conductor f η of η is divisible by 8 or not. Then we see that the odd charactersη andηψ are of the 1st kind at the prime 2. Assume that h
First we deal with the case 8 ∤ f η . Thenη = η by definition. By (2) and (4), we have
As the order of η divides p − 1 and that of ψ is p n , the value ηψ(2) is a 2-power-th root of unity only when ψ(2) = 1. Since the conductor of ψ is p n+1 , the last condition holds if and only if 2 p−1 ≡ 1 mod p n+1 , which is impossible because of the assumption n ≥ ord p (2 p−1 − 1). Therefore, ηψ(2) is not a 2-power-th root of unity, and thus 1 − ηψ(2) is a 2-adic unit. It follows from (5) and (6) (3) and (4) 
is a 2-adic unit. (Here, the first equality holds as the conductor of ηψθ is even.) Hence, it follows from the class number formula (1) that the ratio h (3) and (4) that
As we have seen above, 1 − ηψ(2) is a 2-adic unit. Hence, it follows from
. Therefore, for each even character θ of 2-power conductor, we observe from (3) and (4) that
is a 2-adic unit. The desired assertion follows from this and the formula (1).
□ 3 Proof of Theorem 3
Theorem 3 extends the computation of [8] which showed that h − n /h − n−1 is odd for p ≤ 509. Proof of Theorem 3 follows one of the methods given in [8, §4] with some improvements on computation. In this section, we first prove Theorem 3, explaining our improvements, and then present our data of computation. In the following, we assume p ≤ 599, and n denotes a positive integer.
Let Tr :
in the following way (F 2 = Z/2Z is the field with two elements). We take a primitive root g modulo p 2 , factor p − 1 as
and, for any integer a, denote by s n (a) the integer satisfying
Then, for an integer i 0 , we put
where "mod 2 " indicates the reduction modulo 2 of each coefficient of the polynomial. Our method of proving Theorem 3 relies on the following assertion.
Proposition 2 We put
If there exists an integer i 0 for which
Proof. The class number formula (see [14, Theorem 4.17]) gives
where χ runs over all odd characters of conductor p n+1 . Now assume that h − n /h − n−1 is even. Then, there exist a character χ and a prime idealL of Q(ζ (p−1)p n ) over 2 which satisfy 1 2 B 1,χ ≡ 0 modL. Therefore, for any integer i 0 , a congruence
holds. Take a prime idealL of Q(ζ (p−1)p ) lying belowL. ThenL is inert in the extension Q(
. So, by applying the trace map Tr : Q(ζ (p−1)p n ) → Q(ζ (p−1)p ) to (7), we obtain
The character χ can be expressed in the form χ = δφψ with characters δ, φ, ψ satisfying the conditions 
where ρ = φ(g 2 t )ψ(g 2 t p n−1 ). Because of the properties of φ and ψ, ρ is a qpth root of unity with ρ q ̸ = 1. So, ρ satisfies Φ(ρ) ≡ 0 modL. Combining this congruence with (8) and (9), we see that, when reduced moduloL, ρ is a common root of the polynomials Φ(T ) and F i 0 (T ). This contradicts the assumption that they are prime to each other. Hence, h For determining the polynomial F i 0 (T ), we need to compute integers s n (g i 0 +2 t p n−1 k+qp n l ), which is equal to s n (g i 0 · s n (g 2 t p n−1 k+qp n l )). Lemma 1 below gives a way of computing s n (g 2 t p n−1 k+qp n l ) inductively, which contributes to diminishing computation time. This is our second improvement on the method in [8, §4] .
Proof. First, we show that
holds for any integer a. Raising the equation a = s n (a) + p n+1 N (N ∈ Z) to the pth power, we have a
Then the property given above shows
which proves Lemma 1. □
With the aid of Lemma 1 we applied Proposition 2 to primes p ≤ 599 and integers n in the range 1 ≤ n ≤ m p . As a result of computer calculation, we could find a value of i 0 in all cases, proving Theorem 3. We reported in [8] that in almost all cases in the range p ≤ 509 and 1 ≤ n ≤ m p , the value i 0 = 0 worked for verification (note that i 0 = 0 corresponds to r = 0 in [8] ). The situation turned out to be the same for the new primes 509 < p ≤ 599, that is, the value i 0 = 0 worked for all p in this range. In Table 1 , we give all p and n for which we must take positive i 0 for applying Proposition 2. 1 1 1 1 1 1 1 1 3 1 Correction: In Table 3 of [8] , a column with the values p = 89, m p = n = 77, d = 1, r = 1 was missing. We apologize for this mistake, and request readers to refer to the correct data in Table 1 .
All primes in the range 509 < p ≤ 599 are given in Table 2 with the value m p . (The symbol ⃝ in the last row of Table 2 indicates that 2 is a primitive root modulo p 2 .) For every p in Table 2 and every n with 1 ≤ n ≤ m p , we could take i 0 = 0 in applying Proposition 2. 
Our computation was carried out with Maple 16 (cf. [11] ) on Apple's iMac computer with 3.4 GHz Intel Core i7 CPU and 16 GB memory. We treated all primes p ≤ 599, including the primes with p ≤ 509 which were settled in [8] . The total time of computation was about 40 hours. 
Computation of λ
using the analytic class number formula. Here, ξ runs over the nontrivial characters ξ ∈ Z d . Similarly, for the case d = −3 and p = 11, we have
where ψ 11 is an even character of conductor 11 2 and order 11. (Here, the factor 10 in the right-hand side of (11) is the degree [Q 2 (ζ 11 ) :
We write Proof. We already know that λ * 0 = 0. For each ξ ∈ Z −3 , we computed the invariant λ ξψ 11 using (12). Then, we have that λ ξψ 11 = 1 when ξ = ω 4 ω 3 and λ ξψ 11 = 0 otherwise, and we obtain λ * 1 = 10 by (11) 
where e(P) (resp. e(P + )) is the ramification index in M ∞ /F ∞ (resp. M + ∞ /F + ∞ ) of a finite prime P of M ∞ (resp. P + of M + ∞ ) and the sum are taken over all P and P + which do not divide 2 respectively.
By ( The above computation and (10) imply λ ξ = 63 (resp. 64) for p = 257 and any ξ ∈ Z −1 (resp. Z −3 ), which agrees with the value in Table 4 (resp. Table 5). 
